Solutions Homework 7 by Alberici, Diego
HOMEWORK 7, CALCULUS AND LINEAR ALGEBRA, 2015/2016
Assigned 11/11/2015, due 11/18/2015, collected from 2pm to 2.15pm sharp!
Name and Family Name (CAPITAL LETTERS):
MATRICOLA N.:
Exercise 1
For any positive integer n, let us consider the improper integral In =
∫ +∞
0
xn−1e−xdx
a) Determine its values in the cases n = 1 and n = 2.
b) Find, if it exist, a recursion relation for In.
Solution:
For n = 1, by the fundamental theorem of calculus:
I1 =
∫
∞
0
e−xdx =
[
−e−x
]x→∞
x=0
= 1
For n = 2, integrating by parts:
I2 =
∫
∞
0
x e−xdx =
[
−x e−x
]x→∞
x=0
+
∫
∞
0
e−xdx = 0 + I1 = 1
For any n ≥ 1, integrating by parts:
In+1 =
∫
∞
0
xn e−xdx =
[
−xn e−x
]x→∞
x=0
+ n
∫
∞
0
xn−1 e−xdx = 0 + n In = n In
Exercise 2
Compute the following integral
∫ 2
1
1
x3 + 2x2 + 2x
dx
Solution: To compute the integral of this rational function follow the next steps.
• Find the partial fraction decomposition. The polynomial x3+2x2+2x factorizes in a linear term
and a quadratic term with ∆ < 0. Hence it admits a partial fraction decomposition of the following
form:
1
x3 + 2x2 + 2x
=
1
x (x2 + 2x+ 2)
=
A
x
+
B + C x
x2 + 2x + 2
.
To find the coefficients A, B, C, rewrite
A
x
+
B + C x
x2 + 2x+ 2
=
A (x2 + 2x+ 2) + B x + C x2
x (x2 + 2x+ 2)
=
(A + C)x2 + (2A + B)x + 2A
x3 + 2x2 + 2x
and comparing to the original expression, we find out:
1
x3 + 2x2 + 2x
=
(A + C)x2 + (2A+ B)x + 2A
x3 + 2x2 + 2x
⇐⇒ A+C = 0, 2A+B = 0, 2A = 1 ⇐⇒ A =
1
2
, B = −1, C = −
1
2
;
Therefore, substituting these values of A, B, C in the first identity, we obtain:
1
x3 + 2x2 + 2x
=
1
2
1
x
−
1
2
2 + x
x2 + 2x + 2
(1)
1
• Compute the integral. Use identity (1), then remember that an antiderivative of 1/t is log |t|, while
an antiderivative of 1/(1 + t2) is atan(t).
∫ 2
1
1
x3 + 2x2 + 2x
dx =
1
2
∫ 2
1
1
x
dx −
1
2
∫ 2
1
2 + x
x2 + 2x + 2
dx =
=
1
2
∫ 2
1
1
x
dx −
1
4
( ∫ 2
1
2 + 2x
x2 + 2x+ 2
dx +
∫ 2
1
2
x2 + 2x+ 2
dx
)
=
=
1
2
∫ 2
1
1
x
dx −
1
4
( ∫ 2
1
2 + 2x
x2 + 2x+ 2
dx +
∫ 2
1
2
1 + (1 + x)2
dx
)
=
=
1
2
[log |x|]21 −
1
4
[
log |x2 + 2x+ 2|
]2
1
−
1
2
[atan(1 + x)]21 .
Exercise 3
Let y be the solution of the following Cauchy problem{
x2 y′(x) + y(x) = x2 e
1
x
y(1) = 3e
a) Find the explicit expression of y(x)
b) Compute lim
x→∞
y(x)
Solution:
Rewrite the ODE so that y′ has coefficient 1:
y′ +
1
x2
y = e
1
x (2)
Compute an antiderivative A(x) of 1
x2
(the coefficient of y):
A(x) := −
1
x
Now observe that, since y solves the ODE (2),
d
dx
(
eA(x)y(x)
)
=
d
dx
(
e−
1
x y(x)
)
= e−
1
x
(
y′ +
1
x2
y
)
= 1 .
Therefore
eA(x)y(x) = x + C
namely
y(x) = e
1
x (x + C) .
To find the constant C use the initial datum y(1) = 3e :
y(1) = e1 (1 + C) ⇐⇒ 3e = e (1 + C) ⇐⇒ C = 2 .
In conclusion the solution to the Cauchy problem is the function y(x) = e
1
x (x+2) . And clearly limx→∞ y(x) =
∞.
Exercise 4
Let y be the solution of the following Cauchy problem{
y′(x) = x2y2
y(0) = 1
2
a) Find the explicit expression of y(x)
b) Compute lim
x→∞
y(x)
Solution:
This ODE can be solved by separating the variables: formally
dy
dx
= x2y2 ⇐⇒
1
y2
dy = x2 dx
then take the integral on both sides: ∫
1
y2
dy =
∫
x2dx
and compute these integrals to obtain:
−
1
y
=
x3
3
+ C
namely:
y = −
3
x3 + 3C
.
To find the constant C use the initial datum y(0) = 1:
y(0) = 1 ⇐⇒ −
3
0 + 3C
= 1 ⇐⇒ C = −1 .
In conclusion the solution to the Cauchy problem is the function y(x) = −
3
x3 − 3
. And clearly limx→∞ y(x) =
0.
3
